Introduction {#Sec1}
============
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Theorem 1.1 {#FPar1}
-----------

(Chandra \[[@CR3]\], Theorem 1)
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In the current work, we extend in Theorems [3.1](#FPar8){ref-type="sec"} and [3.2](#FPar11){ref-type="sec"} this degenerate mean convergence theorem of Chandra \[[@CR3]\] in two directions: (i)Our results pertain to weighted averages either from an *array* of random variables whose *n*th row is comprised of $\documentclass[12pt]{minimal}
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                \begin{document}$n \geq 1$\end{document}$ (Theorem [3.2](#FPar11){ref-type="sec"}). No independence or dependence conditions are imposed between the random variables from different rows of the arrays. The Chandra \[[@CR3]\] result considered weighted averages from a *sequence* of pairwise i.i.d. random variables.(ii)The random variables that we consider are assumed to be stochastically dominated by a random variable which is a weaker assumption than the assumption of Chandra \[[@CR3]\] that the random variables are identically distributed.

The third main result (Theorem [3.3](#FPar16){ref-type="sec"}) establishes for an array of random variables whose *n*th row is comprised of $\documentclass[12pt]{minimal}
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                \begin{document}$n \geq 1$\end{document}$ a degenerate mean convergence result for normed and centered row sums. In contradistinction to Theorems [3.1](#FPar8){ref-type="sec"} and [3.2](#FPar11){ref-type="sec"}, weighted averages and stochastic domination play no role in Theorem [3.3](#FPar16){ref-type="sec"}. As in Theorems [3.1](#FPar8){ref-type="sec"} and [3.2](#FPar11){ref-type="sec"}, no independence or dependence conditions are imposed between the random variables from different rows of the array in Theorem [3.3](#FPar16){ref-type="sec"}.
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A finite set of random variables $\documentclass[12pt]{minimal}
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In many stochastic models, the classical assumption of independence among the random variables in the model is not a reasonable one; the random variable may be "repelling" in the sense that small values of any of the random variables increase the probability that the other random variables are large. Thus an assumption of some type of negative dependence is often more suitable. Pemantle \[[@CR11]\] prepared an excellent survey on a general "theory of negative dependence".
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Definition 1.2 {#FPar3}
--------------
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Remark 1.1 {#FPar4}
----------

Condition ([1.3](#Equ3){ref-type=""}) is, of course, automatic with $\documentclass[12pt]{minimal}
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Preliminary lemmas {#Sec2}
==================

Three lemmas will now be stated. Lemmas [2.1](#FPar5){ref-type="sec"}, [2.2](#FPar6){ref-type="sec"}, and [2.3](#FPar7){ref-type="sec"} are used in the proof of Theorem [3.1](#FPar8){ref-type="sec"}, Lemma [2.3](#FPar7){ref-type="sec"} is used in the proof of Theorem [3.2](#FPar11){ref-type="sec"}, and Lemmas [2.1](#FPar5){ref-type="sec"} and [2.2](#FPar6){ref-type="sec"} are used in the proof of Theorem [3.3](#FPar16){ref-type="sec"}.

Lemma [2.1](#FPar5){ref-type="sec"} follows from Lemma 1 of Lehmann \[[@CR6]\]; see Matuła \[[@CR8]\] for a more direct proof.

Lemma 2.1 {#FPar5}
---------

(Lehmann \[[@CR6]\], Matuła \[[@CR8]\])
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The next lemma is well known (see, e.g., Patterson and Taylor \[[@CR10]\]).

Lemma 2.2 {#FPar6}
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The following lemma is essentially due to Adler et al. \[[@CR1]\].

Lemma 2.3 {#FPar7}
---------

(Adler et al. \[[@CR1]\])
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Mainstream {#Sec3}
==========

The main results, Theorems [3.1](#FPar8){ref-type="sec"}--[3.3](#FPar16){ref-type="sec"}, may now be established. These are new results even under the stronger hypothesis that the random variables in each row of the array are independent.

Theorem 3.1 {#FPar8}
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Proof {#FPar9}
-----
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Remark 3.1 {#FPar10}
----------

One of the reviewers so kindly called to our attention the article by Ordóñez Cabrera and Volodin \[[@CR9]\] and suggested that we should provide a comparison between Theorem [3.1](#FPar8){ref-type="sec"} above and Theorem 1 of that article. Both theorems are in the same spirit in that they both establish mean convergence for weighted averages from an array of rowwise PNQD mean 0 random variables. Ordóñez Cabrera and Volodin \[[@CR9]\] introduced the following new integrability concept for an array of random variables $\documentclass[12pt]{minimal}
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The next theorem is a version of Theorem [3.1](#FPar8){ref-type="sec"} without assumption ([3.1](#Equ4){ref-type=""}) for an array of random variables where the random variables in each row of the array are pairwise independent (which is a stronger assumption than the array being rowwise PNQD).

Theorem 3.2 {#FPar11}
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Proof {#FPar12}
-----
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Remark 3.2 {#FPar13}
----------

The cited result of Chandra \[[@CR3]\] follows immediately from Theorem [3.2](#FPar11){ref-type="sec"} by taking $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k_{n} = n$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n \geq 1$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$X_{n,j} = X_{j}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1 \leq j \leq n$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n \geq 1$\end{document}$.

Remark 3.3 {#FPar14}
----------

If the rowwise PNQD hypothesis in Theorem [3.1](#FPar8){ref-type="sec"} is dispensed with, then the theorem can fail. To see this, let *X* be a nondegenerate mean 0 random variable, let $\documentclass[12pt]{minimal}
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                \begin{document}$$ \lim_{n \rightarrow \infty } \sum_{j=1}^{k_{n}} a_{n,j}^{2} = \lim_{n \rightarrow \infty } n^{-2/p} = 0. $$\end{document}$$ All of the hypotheses of Theorems [3.1](#FPar8){ref-type="sec"} and [3.2](#FPar11){ref-type="sec"} are satisfied and hence ([3.3](#Equ6){ref-type=""}) holds.
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                \begin{document}$$ \sum_{n=1}^{\infty } \mathbb{P} \Biggl( \Biggl\vert \sum_{j=1}^{k_{n}} a _{n,j} X_{n,j} \Biggr\vert > M \Biggr) = \sum_{n=1}^{\infty } \mathbb{P} \bigl( \bigl\vert n^{-1/p}X_{n} \bigr\vert > M \bigr) = \sum_{n=1}^{\infty } \mathbb{P} \biggl( \frac{\vert X_{1} \vert }{M} > n^{1/p} \biggr) = \infty $$\end{document}$$ since $\documentclass[12pt]{minimal}
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                \begin{document}$$ \mathbb{P} \Biggl( \Biggl\vert \sum_{j=1}^{k_{n}} a_{n,j} X_{n,j} \Biggr\vert > M \mbox{ i.o. } (n) \Biggr) = 1, $$\end{document}$$ and so $$\begin{matrix}
{\mathbb{P}\left( \operatorname{lim\, sup}\limits_{n\rightarrow\infty} \middle| \sum\limits_{j = 1}^{k_{n}}a_{n,j}X_{n,j} \middle| = \infty \right)} & {= \mathbb{P}\left( \bigcap\limits_{M = 1}^{\infty}\left\{ \operatorname{lim\, sup}\limits_{n\rightarrow\infty} \middle| \sum\limits_{j = 1}^{k_{n}}a_{n,j}X_{n,j} \middle| \geq M \right\} \right)} \\
 & {\geq \mathbb{P}\left( \bigcap\limits_{M = 1}^{\infty}\left\{ \middle| \sum\limits_{j = 1}^{k_{n}}a_{n,j}X_{n,j} \middle| > M\text{~i.o.~}(n) \right\} \right)} \\
 & {= 1.} \\
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We now establish Theorem [3.3](#FPar16){ref-type="sec"}. Throughout the rest of this section, for an array of random variables $\documentclass[12pt]{minimal}
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Theorem 3.3 {#FPar16}
-----------
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Proof {#FPar17}
-----
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To prove ([3.13](#Equ16){ref-type=""}), note that for $\documentclass[12pt]{minimal}
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To prove ([3.14](#Equ17){ref-type=""}), note that for $\documentclass[12pt]{minimal}
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Corollary 3.1 {#FPar18}
-------------
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Proof {#FPar19}
-----
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Remark 3.4 {#FPar20}
----------

If the rowwise PNQD hypothesis in Theorem [3.3](#FPar16){ref-type="sec"} or Corollary [3.1](#FPar18){ref-type="sec"} is dispensed with, then those results can fail. To see this, let $\documentclass[12pt]{minimal}
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Example 3.2 {#FPar21}
-----------
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Corollary 3.2 {#FPar22}
-------------
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Proof {#FPar23}
-----
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Conclusions {#Sec4}
===========
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